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Abstract
We investigate Abelian and monopole contributions to spatial string tension in the deconfined
phase of finite temperature SU(2) gauge theory without imposing any gauge fixing conditions.
Lattice calculations of non-Abelian and Abelian spatial string tensions from the Wilson action at
gauge coupling β = 2.74 and lattice volume 243 ×Nt (Nt = {24, 8, 6, 4, 2)} show that these string
tensions agree with each other within error bars at any adopted value of Nt, which implies Abelian
dominance. From measurements of non-Abelian, Abelian, and monopole forces that arise from the
corresponding spatial string tension, furthermore, we find the tendency that the monopole contri-
bution to the spatial string tension can be almost as large as the non-Abelian and Abelian ones.
The temperature dependence of the calculated non-Abelian and Abelian spatial string tensions
allows us to conclude that the concept of dimensional reduction holds both for non-Abelian and
Abelian sectors at temperatures higher than twice the critical temperature.
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I. INTRODUCTION
In QCD, which describes the strong interactions, color confinement is one of the open
problems of great importance. As a possible mechanism that explains color confinement ,
the dual superconductor picture of the QCD vacuum has been suggested.[1, 2] While ordi-
nary superconductors arise from condensation of electron Cooper pairs, magnetic monopoles
condensate in dual superconductors. The resultant dual Meissner effect acts to expel color
electric flux from the QCD vacuum and thus, in the presence of a pair of particles of opposite
color charge, to confine the intervening electric flux to flux tubes in such a way as to make the
color electric potential between the two particles linear with respect to interparticle spacing.
This linear potential can induce color confinement. In contrast to field theories with scalar
fields such as the George-Glashow model[3, 4] and SUSY QCD,[5] It is difficult to directly
identify magnetic monopoles in QCD. For the purpose of circumventing this situation, et
Hooft put forth an idea of deriving magnetic monopoles of integer charge by reducing SU(3)
gauge theory to [U(1)]2 via partial gauge fixing.[6] So far a large number of investigations of
color confinement based on this idea have been performed via lattice simulations. Among
others, calculations that adopt maximally Abelian (MA) gauge[7, 8] in partial gauge fixing
and treat monopoles defined on lattice a´ la DeGrand-Toussaint[9] strongly support the dual
superconductor picture of the QCD vacuum.[10–17] For example, squeezing of color electric
flux due to the dual Meissner effect,[11, 14, 16–18] Abelian dominance responsible for color
confinement,[10, 12, 19] monopole dominance responsible for color confinement,[12, 20–24]
and effective monopole action[22, 25–27] have been obtained under MA gauge fixing con-
dition. These results suggest the existence of the dual Ginzburg-Landau type of effective
action in the infrared region of QCD.[28–30]
The same kind of calculations as the above-mentioned zero-temperature ones have been
done at finite temperature; the thermal behavior of the Polyakov loop,[31] Abelian and
monopole dominance with respect to critical indices etc.,[12] and the existence of finite
temperature effective monopole action[32] have been therefrom observed.[19, 24, 33] This
implies that even at finite temperature, Abelian parts and monopoles play a significant role
in non-perturbative QCD.
One of the quantities that characterize non-perturbative nature of finite temperature
QCD is spatial string tension σsp. This tension arises from a space-space area law obeyed by
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the space-like Wilson loop in the magnetic sector of QCD. According to earlier investigations
in SU(2) gauge theory[34, 35] and SU(3) gauge theory,[36, 37] σsp behaves as
√
σsp(T ) ∼
g2(T )T , which turns out to be relevant to the string tension in three-dimensional gauge
theory. Also, full calculations for 2-flavor QCD[38, 39] and (2+1)-flavor QCD[40] beyond the
quenched approximation shows that σsp agrees well with that predicted from dimensionally
reduced QCD at temperature up to the vicinity of the deconfinement transition temperature
Tc.
In this work, we focus on the spatial string tension in finite temperature SU(2) gauge
theory and investigate its Abelian and monopole contributions. Under MA gauge fixing
condition, these contributions are known to lead to Abelian dominance and monopole dom-
inance even in the high temperature deconfined phase.[41] Recently, on the other hand,
description of color confinement in the dual superconductor picture has been reinforced by
the fact that just like the case of MA gauge fixing, the dual Meissner effect, Abelian dom-
inance, and monopole dominance occur under unitary gauge conditions such as F12 gauge
and Polyakov gauge[42] and in the absence of gauge fixing.[43, 44] This suggests that Abelian
monopoles are effective at explaining color confinement in a gauge-independent manner.[45]
Thus, we here measure Abelian and monopole contributions to the spatial string tension
without imposing any gauge fixing conditions and investigate the question of whether or
not such contributions incorporate non-perturbative nature into the high temperature de-
confined phase.
The present paper is organized as follows. In Sec. 2, a theoretical background is described.
Section 3 is devoted to description of computational details. In Sec. 4, our conclusions and
future plans are given.
II. THEORETICAL BACKGROUND
We start with writing down the SU(2) Wilson action as
S = β
∑
s,µ>ν
[
1−
1
4
Tr(Uµν(s) + U
†
µν(s))
]
, (1)
Uµν(s) = Uµ(s)Uν(s+ µˆ)U
†
µ(s+ νˆ)U
†
ν(s). (2)
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Here β = 4/g2, and Uµ(s) is the non-Abelian link variable, which is written in terms of the
Pauli matrices σa (a = 1, 2, 3) as
Uµ(s) = U
0
µ(s) + iσ
a · Uaµ(s). (3)
The Abelian link variable, uaµ(s), of color direction a can be derived from the non-Abelian
link variable as
uaµ(s) = cos θ
a
µ(s) + iσ
a sin θaµ(s), (4)
θaµ(s) = arctan
(
Uaµ(s)
U0µ(s)
) (
θaµ(s) ∈ (−π, π]
)
. (5)
From the Abelian link variable, the Abelian field strength tensor is defined as
Θaµν(s) = θ
a
µ(s) + θ
a
ν(s+ µˆ)− θ
a
µ(s+ νˆ)− θ
a
ν(s) (6)
= Θ¯aµν(s) + 2πn
a
µν(s)
(
Θ¯aµν(s) ∈ (−π, π]
)
. (7)
Here, nµν(s) denotes the number of the Dirac strings that penetrate the plaquette. Then,
the monopole current is defined as[9]
kaµ(s) =
1
2
ǫµνρσ∂νn
a
ρσ(s+ µˆ), (8)
which satisfies the conservation law ∂′µk
a
µ(s) = 0. Here, ∂µ (∂
′
µ) denotes the forward (back-
ward) derivative.
In the presence of a pair of particles of opposite color charge, color confinement would
cause the Wilson loop to obey an area law with increasing interparticle spacing and hence the
color electric potential between the two particles to be proportional to interparticle spacing.
The string tension, defined as the coefficient affixed to the linear potential term, can thus be
regarded as characteristic of color confinement. The string tension decreases with increasing
temperature and eventually becomes zero at Tc where the system undergoes transition from
the confined phase to the deconfined phase. Interestingly, even above Tc, the spatial string
tension remains nonzero.
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The spatial string tension is defined as follows. From the non-Abelian space-like Wilson
loop
WNA (R,R
′) =
1
2
Tr
∏
s,µ∈C
Uµ(s), (9)
we obtain the pseudo potential as
V NAsp (R) = lim
R′→∞
ln
〈WNA(R,R
′)〉
〈WNA(R,R′ + 1)〉
, (10)
where R and R′ denote the length of the two sides of the Wilson loop in different spatial
directions. Finally we calculate the spatial string tension by assuming the pseudo-potential
to have the form of
V NAsp (R) = σ
NA
sp R−
C
R
+ V0, (11)
where σNAsp is the spatial string tension, C is the Coulomb coefficient, and V0 is constant,
and then comparing it with the computational results.
We proceed to consider the contribution of the Abelian link variable to the spatial string
tension and then divide it into monopole and photon contributions. Hereafter we will omit
color indices because in the absence of gauge fixing there is no preferred direction in color
space. The Abelian space-like Wilson loop is defined from the Abelian link variable as
WA = exp
{
i
∑
s
Jµ(s)θµ(s)
}
, (12)
where Jµ(s) is the external current that takes on a value of ±1 along the space-like Wilson
loop. Since Jµ(s) is conserved, we can write it as Jν(s) = ∂
′
µMµν(s) by using the antisym-
metric tensor Mµν(s) that takes on a value of ±1 on the plane surrounded by the space-like
Wilson loop. Thus, we obtain
WA = exp
{
−
i
2
∑
s
ΘµνMµν(s)
}
. (13)
Equation (7) allows us to divide the Abelian space-like Wilson loop as
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WA = WM ·WP , (14)
WM = exp
{
2πi
∑
s,s′
kβ(s)D(s− s
′)
1
2
ǫαβρσ∂αMρσ(s
′)
}
, (15)
WP = exp
{
−i
∑
s,s′
∂′µΘ¯µν(s)D(s− s
′)jν(s
′)
}
, (16)
where D(s) is the Coulomb propagator on the lattice, WM is the monopole space-like Wilson
loop, and WP is the photon space-like Wilson loop. We evaluate the pseudo potentials by
measuring these space-like Wilson loops in Monte Carlo simulation as
V Asp (R) = lim
R′→∞
ln
〈WA(R,R
′)〉
〈WA(R,R′ + 1)〉
, (17)
V Msp (R) = lim
R′→∞
ln
〈WM(R,R
′)〉
〈WM(R,R′ + 1)〉
, (18)
V Psp (R) = lim
R′→∞
ln
〈WP (R,R
′)〉
〈WP (R,R′ + 1)〉
. (19)
Finally, we obtain the Abelian, monopole, and photon contributions to the spatial string
tension, σAsp, σ
M
sp , and σ
P
sp, by parametrizing the evaluated pseudo potentials in the form of
Eq. (11).
In this work, we focus on the role played by Abelian monopoles in finite temperature
SU(2) gauge theory. In particular, the question of how configurations of Abelian fields
and monopoles contribute to the above-described spatial string tension in the confined and
deconfined phases is not obvious, although Abelian dominance and monopole dominance in
the spatial string tension were observed in the case of MA gauge fixing.[41] Here we shall
approach this question without imposing any partial gauge fixing, motivated by the fact that
the dual superconductor picture holds[42–44] in the confined phase irrespective of whether
the gauge is fixed or not.
III. NUMERICAL CALCULATIONS
We have performed Monte Carlo simulation of finite temperature SU(2) lattice gauge the-
ory to obtain the spatial string tension in the confined and deconfined phases. The action,
gauge coupling, and lattice size adopted here is the Wilson action, β = 2.74, and 243 ×Nt,
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where Nt is chosen as 24, 8, 6, 4, 2 in such a way as to allow us to examine the tempera-
ture dependence of the spatial string tension. To decrease errors we have implemented link
integration[46, 47] with respect to the non-Abelian link variable, while to obtain the ground
state we have utilized APE smearing.[48] In calculating the Abelian Wilson loop with rea-
sonable accuracy, furthermore, we have adopted a random gauge transformation.[43] In the
course of smearing, for the non-Abelian link variable in a spatial direction, we have summed
up clumps that extend in perpendicular directions including a temporal direction as[49]
Uµ(s) 7→ PSU(2)[Uµ(s) + α
∑
ν 6=µ
{
Uν(s)Uµ(s+ νˆ)U
†
ν(s+ µˆ)
+U †ν(s− νˆ)Uµ(s− νˆ)Uν(s+ µˆ− νˆ)
}
], (20)
where α is the smearing parameter, and PSU(2) represents projection onto SU(2). The errors
are estimated by the jackknife method. Details of the parameters used for the simulation
are tabulated in TABLE I.
Table I: Parameters used for the simulation. T/Tc denotes the temperature in units of Tc; Nsmea,
the repetition number of smearing; Nconf , the number of configurations; Nrgt, the number of random
gauge transformations.
lattice size T/Tc Nsmea α Nconf Nrgt
243 × 24 0 50 0.4 6400 5000
243 × 8 2 60 0.4 28000 5000
243 × 6 2.67 40 0.3 35000 5000
243 × 4 4 30 0.3 40998 5000
243 × 2 8 10 0.3 148000 5000
A. Pseudo potential and spatial string tension
The non-Abelian pseudo potential, Eq. (10), and the Abelian pseudo potential, Eq. (17),
calculated here are exhibited in Figs. 1-3. Figure 1 shows the pseudo potentials as function
of R/a with the lattice spacing a at T = 0(Nt = 24). The left and right sides of Fig. 2
illustrate the pseudo potentials as function of R/a with the lattice spacing a at T = 2Tc
(Nt = 8) and T = 2.67Tc (Nt = 6), respectively, whereas the left and right sides of Fig.
3 illustrate those at T = 4Tc (Nt = 4) and T = 8Tc (Nt = 2), respectively. These figures
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show that in all the cases considered here the non-Abelian and Abelian pseudo potentials
are nearly the same in the slope of the linear term.
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Fig 1: The non-Abelian and Abelian pseudo potentials calculated as function of R/a at Nt = 24.
The lines denote the best fitting by Eq.(11).
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Fig 2: Same as Fig. 1 at Nt = 8 (left) and Nt = 6 (right).
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Fig 3: Same as Fig. 1 at Nt = 4 (left) and Nt = 2 (right).
The best fitting of the pseudo potentials exhibited in Figs. 2 and 3 leads to the non-
Abelian spatial string tension shown in Table II and the Abelian spatial string tension
shown in Table III.
Table II: Fits to the non-Abelian pseudo poten-
tials. Here, R′/a corresponds to the optimal side
length of the Wilson loop used for the smearing.
Nt R
′/a a2σNAsp fit range χ
2/n.d.f
24 5 0.0083(1) 4-8 0.0293
8 3 0.0150(1) 4-8 1.0255
6 2 0.0233(2) 4-7 0.9056
4 2 0.0427(1) 4-9 1.0334
2 3 0.1257(1) 2-8 0.9750
Table III: Same as Table II for the Abelian
pseudo potentials.
Nt R
′/a a2σNAsp fit range χ
2/n.d.f
24 4 0.0082(15) 4-8 0.1058
8 2 0.0147(4) 4-9 0.8813
6 2 0.0227(8) 4-7 1.3468
4 2 0.0433(7) 4-9 0.8479
2 2 0.1260(2) 2-8 0.9990
As can be seen from Tables II and III, the Abelian spatial string tension agrees with the
non-Abelian one within error bars. In fact, as in Table IV, σAsp/σ
NA
sp ≈ 1 in all the cases of
Nt considered here. This result suggests that Abelian dominance holds for the spatial string
tension even in the absence of gauge fixing.
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Table IV: The ratio of σAsp with σ
NA
sp .
lattice size T/Tc σ
A
sp/σ
NA
sp
243 × 24 0 0.99(18)
243 × 8 2 0.98(3)
243 × 6 2.67 0.97(3)
243 × 4 4 1.01(2)
243 × 2 8 1.00(2)
We turn to the monopole and photon contributions to the spatial string tension. Figure 4
exhibits the non-Abelian, Abelian, monopole, and photon pseudo potentials obtained from
the corresponding space-like Wilson loops at T = 8Tc (Nt = 2). As already seen from Fig.
2 etc., we can determine the non-Abelian and Abelian spatial string tensions from fitting
of the corresponding pseudo potentials with reasonable accuracy. The monopole pseudo
potential, however, contains too large errors at large R/a for us to accurately determine the
spatial string tension by fitting, but marginally shows a linear potential behavior. We also
find that the photon pseudo potential is consistent with zero spatial string tension and free
from a linear potential behavior.
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Fig 4: The non-Abelian, Abelian, monopole, and photon pseudo potentials at Nt = 2 (T = 8Tc).
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B. Force
Since, as mentioned above, the monopole contribution to the spatial string tension is hard
to obtain from fitting of the monopole pseudo potential, we define the force Fsp(R) from the
incremental difference of the pseudo potential Vsp(R) as
Fsp(R) =
1
a
(Vsp(R)− Vsp(R− a)), (21)
and, by substituting V NAsp , V
A
sp , and V
M
sp into Vsp, measure the non-Abelian, Abelian, and
monopole forces, respectively. The force, which reduces to the derivative of the pseudo
potential in the continuum limit, keeps the spatial string tension, a coefficient affixed to a
linear term of the pseudo potential, as a constant term; additional terms behave as O(1/R2)
for large R. The non-Abelian, Abelian, and monopole forces calculated for various lattice
sizes are exhibited in Figs. 5-7.
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Fig 5: The non-Abelian,Abelian,monopole forces at Nt = 24.
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Fig 6: Same as Fig.5 at Nt = 8 (left) and at Nt = 6 (right).
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Fig 7: Same as Fig.5 at Nt = 4 (left) and at Nt = 2 (right).
We remark that while the calculated monopole pseudo potential contains too large errors
at large R for determination of the corresponding spatial string tension, the calculated
non-Abelian, Abelian, and monopole forces at large R agree with each other within error
bars. This result suggests that both in the confined and deconfined phases not only Abelian
dominance but also monopole dominance holds for the spatial string tension even in the
absence of gauge fixing.
C. Temperature dependence
We now proceed to examine the temperature dependence of the spatial string tension.
The behavior of the spatial string tension at high temperature are predicted from the analogy
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of three-dimensional effective theory based on dimensional reduction as√
σsp(T ) = cg
2(T )T. (22)
Here c is constant, and g(T ) is the temperature-dependent four-dimensional running coupling
constant that can be obtained in 2-loop perturbation theory as
g−2(T ) =
11
12π2
ln
(
T
ΛT
)
+
17
44π2
ln
{
2 ln
(
T
ΛT
)}
. (23)
The temperature dependence of the spatial string tension, which was obtained from fitting
of the pseudo potentials as in Tables II and III, can be seen from Fig. 8 in which data are
plotted on the T/Tc vs. T/
√
σsp(T ) plane.
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Abelian
Fig 8: The temperature dependence of the non-Abelian and Abelian spatial string tensions. The
lines denote the best fitting by Eq. (22).
The results for the fitting of the spatial string tensions by Eq. (22) are tabulated in Table
V.
Table V: The parameters obtained from the fitting of the spatial string tensions by Eq. (22).
c ΛT /Tc
non-Abelian 0.360(5) 0.087(5)
Abelian 0.366(11) 0.079(12)
We can observe from Table V that the fitting parameters c and ΛT are the same within
error bars between the non-Abelian and Abelian cases. That is, the Abelian spatial string
has nearly the same temperature dependence as the non-Abelian one, and such dependence
can be described by Eq. (22) at T ≥ 2Tc.
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D. Lattice spacing dependence
So far we have fixed the gauge coupling β at 2.74, which corresponds to fixed lattice
spacing a. To confirm that the above-obtained results for the pseudo potentials and spatial
string tensions do not depend on the lattice spacing, we apply reweighting[50] to the data
obtained for β = 2.74. We examine the non-Abelian and Abelian pseudo potentials and
spatial string tensions by increasing β from 2.75 to 2.76 by 0.01 for lattice size 243×Nt(Nt =
8, 6, 4, 2). Figure 9 illustrates the resultant spatial string tensions as function of T/Tc.
Here we have estimated a for each β from the non-perturbative β function determined on
lattice.[51]
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Fig 9: Same as Fig.8, but the data obtained by reweighting are newly added.
By including the data obtained by reweighting for T ≥ 2Tc, we have updated the results
for the fitting of the spatial string tensions by Eq. (22), which are tabulated in Table 6. We
find that both in the non-Abelian and Abelian cases, the adjustable parameters c and ΛT in
Table 6 agree with those in Table 5 within error bars.We can thus conclude that the spatial
string tensions have no dependence on the lattice spacing. This suggests that the Abelian
dominance holds for T ≥ 2Tc irrespective of lattice spacing.
Table VI: Same as Table 5, but fitting is done by including the data obtained by reweighting.
c ΛT /Tc
non-Abelian 0.376(17) 0.075(16)
Abelian 0.394(44) 0.056(19)
Estimates of the monopole force by reweighting are generally difficult to make because
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large errors associated with reweighting are added to the errors inherent in the monopole
force. In fact, we are unable to make reasonable estimates of the monopole force for β ≥ 2.77.
We nevertheless have estimated the monopole force for β = 2.76 by reweighting. The results
are shown for Nt = 8, 6, 4, 2 in Figs. 10 and 11, together with the non-Abelian and Abelian
forces likewise estimated. Within error bars, which are particularly large for the monopole
force, these forces apparently agree with each other at least for large R. This may imply that
the monopole dominance, as well as the Abelian dominance, holds for T ≥ 2Tc irrespective
of lattice spacing. We remark in passing that shortage of available data in the confined
phase (Nt = 24) prevents us from estimating the pseudo potentials by reweighting. The
Abelian dominance in the confined phase, however, was established even in the absence of
gauge fixing.[43] In fact, the data[43] for the string tension obtained from the Wilson action
at β = 2.5 are effectively complemented by the present analysis.
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Fig 10: The non-Abelian, Abelian, and monopole forces estimated from the data for β = 2.74 by
reweighting. The results for β = 2.76 are plotted at Nt = 8(left) and Nt = 6(right).
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Fig 11: Same as Fig.10 at Nt = 4(left) and Nt = 2(right).
IV. CONCLUDING REMARKS
In this work we have focused on one of the non-perturbative quantities in finite-
temperature SU(2) gauge theory, namely, the spatial string tension, and investigated the
Abelian and monopole contributions without imposing any gauge fixing conditions. The
measurements have been performed by Monte Carlo simulation that adopts the Wilson ac-
tion, β = 2.74, and lattice size 243 × Nt (Nt = {24, 8, 6, 4, 2}). The non-Abelian spatial
string tension, which is gauge invariant, was investigated by Bali et al.,[34] who confirmed
the volume and lattice spacing independence of the spatial string tension for the parameters
used in the present study. To examine the lattice spacing dependence, we apply reweighting
to the data obtained for β = 2.74. We have now found that for such parameters, the Abelian
spatial string tension well reproduces the non-Abelian value, i.e., Abelian dominance holds
irrespective of lattice spacing. While the monopole contribution to the spatial string tension
has yet to be evaluated from the fitting of the corresponding pseudo potential because the
accuracy of the present calculations was not sufficient, we have discovered by measuring
the forces between two particles of opposite color charge that at large interparticle spacing,
the non-Abelian and monopole forces agree with each other within error bars. This sug-
gests that monopoles play an important role in the spatial string tension. By examining
the temperature dependence of the spatial string tension, furthermore, we have confirmed a
good agreement with the behavior predicted from three-dimensional effective theory based
on dimensional reduction at T ≥ 2Tc both in the non-Abelian and Abelian cases. All these
16
results used to be confirmed only under MA gauge fixing condition,[41] and now have been
reconfirmed in the absence of gauge fixing through new measurements of the Abelian and
monopole contributions. The monopole contribution to the spatial string tension remains to
be determined with reasonable accuracy. For such determination, higher statistics, extrac-
tion of wrapped monopoles,[41] i.e., monopole loops closed by a temporal periodic boundary
condition for finite-temperature systems, and so on would be helpful. Since the present
work suggests the possibility that magnetic monopoles play a non-perturbative role even
in the deconfined phase in a manner that is independent of gauge fixing conditions, fur-
thermore, investigations of how monopoles contribute to other non-perturbative quantities
in the deconfined phase would give some insight to the still elusive physics of quark-gluon
plasmas.
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